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Abstract
The quantum collapse of a self-gravitating thin shell in the minisuperspace models is revisited on the assumption that the shell is composed
of N distinguishable identical particles. The ground state of the shell is found and defined as a quantum black hole (QBH). We show that the
energy of single particle in the QBH is dependent on N , and N has an up-limit for a stable QBH. The effective exciting energy of single particle
is determined, which is universally 1/
√
2 of the Planck energy for the full-filled QBHs. We also propose a simple statistical model of QBH and
show that a QBH is full-filled at low temperatures and half-filled at high temperatures. The specific heat of QBH is found to be positive at low
temperatures and the relation of the QBH mass with its temperature is obtained in the high-temperature limit of our model.
© 2006 Elsevier B.V.
PACS: 04.40.-b; 04.60.Kz; 04.70.Dy
Open access under CC BY license. The classical theory of gravity, general relativity, is suffered
from the problems of singularities, where our present laws of
physics break down [1]. It is believed that the singularities
could be avoided when quantum effects are considered. A self-
gravitating thin shell may be the simplest model of gravitational
collapse, and it can be in a sense regarded as a touchstone for
any quantum theories of gravity since they should provide at
least a correct quantum collapse scenario for this simplest case.
In this Letter, the quantum collapse of a self-gravitating thin
shell is revisited and a statistical model of quantum black hole
is proposed.
In general relativity, the collapse of a self-gravitating thin
shell was first investigated by Israel [2,3]. The world sheet of
the thin shell separates the space–time into two parts: the inside
described by Minkowskian metric, and the outside by Schwarz-
schild metric. Einstein’s field equations imply the equation of
motion for the shell:
(1)E = Mc2
[
1 +
(
1
c
dR
dτ
)2]1/2
− GM
2
2R
,
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Open access under CC BY license. where τ is the proper time along the shell of radius R and rest
mass M , c is the speed of light, and G denotes the gravitational
constant [3]. One can also choose the Minkowskian time in the
flat space inside the shell as time variable, as first proposed by
Kuchar [4], then Eq. (1) can be written in a suggestive form
(2)E = Mc2
[
1 −
(
1
c
dR
dt
)2]−1/2
− GM
2
2R
,
where t denotes the time inside the shell. We note that Eq. (2)
gives just the energy of a relativistic particle of rest mass M ,
which moves radially in a potential −GM2/2R.
The quantum collapse of a self-gravitating thin shell was
studied in the minisuperspace models by many authors [5–
10]. Different choices of time lead to different quantum theo-
ries, which are not unitarily equivalent to each other [6,7,11].
Choosing the time along the shell as time variable, Berezin et
al. proposed a theory with novel Hamiltonian and difference
Schrödinger equation [5]. Choosing the time inside the shell as
time variable, Hajicek, Kay and Kuchar (HKK) suggested an-
other theory with a more natural and elegant form in [6], where
the problem was reduced to the s-wave Klein–Gordon equa-
tion in a “Coulomb potential”. The bound states obtained in the
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relativistic scalar hydrogen atom, which exist only if the rest
mass of the shell is no more than one Planck mass.
In this Letter, we will choose the Minkowskian time in
the flat space inside the shell as time variable following [6].
Such a choice is due to the heuristic relationship between self-
gravitating thin shells and atoms implied by the HKK model as
well as the consideration of mathematical simplicity. Another
problem of minisuperspace models is that when most of the
degrees of freedom are frozen, some property of the original
system may be destroyed. For example, the thermodynamics of
the system is lost [7,11]. In this Letter, we will revisit the HKK
model on the assumption that the shell is composed of N iden-
tical particles.
Consider a thin shell composed of N identical particles with
purely gravitational interaction and same radial motion. Using
the time inside the shell as time variable, one can obtain from
Eq. (2) the equations of motion for every particle:
(3)Ei = mc2
[
1 −
(
1
c
dri
dt
)2]−1/2
− NGm
2
2ri
,
where Ei = E/N , m = M/N , ri = R denote energy, rest mass
and radial coordinate of the ith particle, respectively, and i =
1,2, . . . ,N . The classical motion of the ith particle is generated
by the Hamiltonian
(4)Hi =
√
(pic)2 +
(
mc2
)2 − NGm2
2ri
,
where pi denotes the radial momentum of the ith particle. The
Hamiltonian for the shell is
(5)H =
N∑
i=1
Hi =
N∑
i=1
[√
(pic)2 +
(
mc2
)2 − NGm2
2ri
]
.
Thus the shell can be regarded as a system of N non-interacting
identical relativistic particles moving radially in a potential
−NGm2/2r , and the mathematical similarity between self-
gravitating thin shells and relativistic scalar hydrogen atoms in
the HKK model remains.
The quantum theory of the self-gravitating thin shell can be
developed if one quantizes the classical system governed by
Hamiltonian (5). For simplicity, here we assume that the iden-
tical particles are distinguishable and the interaction between
them is purely gravitational, ignore the spins of the identical
particles, and confine our attention to the bound states. From
the quantum Hamiltonian corresponding to classical Hamil-
tonian (4), following [6], one can reduce the problem to the
s-wave Klein–Gordon equation in a “Coulomb potential” and
obtain the energy levels for bound s-states of single particle,
which have the form of the Sommerfeld spectrum of a relativis-
tic scalar hydrogen atom with l = 0 [12]:
(6)εn(N) = mc2
[
1 + N
2α2
(n + 12 + [( 12 )2 − N2α2]1/2)2
]−1/2
.
Here n = 0,1,2, . . . and an effective fine structure constant is
introduced by α = Gm2/2h¯c. Eq. (6) with n = 0 yields theground state energy of single particle:
(7)ε0(N) = mc2
[
1 + N
2α2
( 12 + [( 12 )2 − N2α2]1/2)2
]−1/2
.
Since the N distinguishable identical relativistic particles have
same radial motion in the classical theory, they should occupy
same single-particle state in the quantum theory. Therefore the
shell in its ground state is composed of N identical particles in
single-particle ground state. In this Letter, we briefly call the
shell in its ground state “quantum black hole” (QBH), which
may be regarded as the quantum correspondence to the rem-
nants of classical gravitational collapse. Evidently the energy
of a QBH is given by
(8)E(N) = Nε0(N).
There are two noticeable features of the QBH: the single-
particle energy ε0 is dependent on number of identical parti-
cles N , and ε0 turns out to be complex for N > 1/2α which
means a QBH will be unstable then. Firstly, we confine our at-
tention to the case N  1/2α.
The maximum number of identical particles in a stable QBH
can be defined by Nmax ≡ 1/2α. If we parameterize the “fill-
ing factor” N/Nmax by N/Nmax = sin θ , Eq. (7) can be greatly
simplified as
(9)ε0(θ) = mc2 cos(θ/2).
Since Nmax ≡ 1/2α  1 and α = Gm2/2h¯c, we have
Nmax = (mP /m)2 and m√h¯c/G = mP , which suggest that
the large Nmax corresponds to the small m and a QBH can be
formed only by identical particles of rest mass no more than one
Planck mass. In the following discussion we assume m  mP ,
thus the parameter θ can be treated as a continuous variable.
As an application of Eq. (9), one can obtain that for a full-
filled QBH (θ = π/2), ε0 = mc2/
√
2, and for a half-filled one
(θ = π/6), ε0 = cos(π/12)mc2.
The mass of a QBH can be defined by
(10)M = E/c2 = m
2
P
m
sin θ cos(θ/2).
Evidently M is inversely proportional to m for given filling
factor. One can find that M reaches its maximum at sin θ =
N/Nmax = 2
√
2/3 for given small m. The result is universal
for m  mP . The case of large m is also interesting. For ex-
ample, M = mP/
√
2 for (m = mP , N = Nmax = 1), which
gives the smallest mass of a full-filled QBH, and M = mP for
(m = mP/
√
2, N = Nmax = 2), corresponding to a full-filled
QBH with just one Planck mass. One can also find that M
reaches its maximum at full filling for Nmax  13.
Following the same analysis in the HKK model [6] one can
estimate the size of a QBH from the wave function of single-
particle ground state ψ0(r). For θ → 0, the wave function is
similar to that of a non-relativistic hydrogen atom and the size
of the QBH is simply given by “Bohr radius”, r0 = λ¯C/Nα.
Here λ¯C = h¯/mc, denotes the Compton wavelength of the
identical particle. It is obvious that r0 is much larger than rS ,
Schwarzschild radius of the QBH in this case. As θ increases,
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QBH is same order of its Schwarzschild radius.
From the wave function of single-particle ground state one
can also obtain the particle number density, which is defined by
ρ(r) = N
mc2
(ε0 + NGm22r )ψ0(r)ψ∗0 (r), and determine the parti-
cle distribution in the QBH. It can be shown that the particles in
the QBH lie well outside Schwarzschild radius and the horizon
is smeared as expected. We note that similar conclusions were
made in [13,14], where the non-singular collapse of Schwarz-
schild black hole were studied in the framework of loop quan-
tum gravity. We also note that in the case m = 1 GeV/c2, a
full-filled QBH will contain 1038 particles, with the size of a
nucleus and a mass of 1014 g. It reminds us of the features of
some primordial black holes [15].
Just as the stability of an atom can be measured by the excit-
ing energy of electron in the atom, the stability of a QBH can
be characterized by the exciting energy of particle in it. Here
we define the exciting energy of single particle as the energy
needed to remove it from the QBH to the infinite. It can be ex-
pressed as
(11)Δ = E(N − 1) + mc2 − E(N)
for a QBH composed of N identical particles. Using Eq. (8),
one can obtain Δ = Δ1 + Δ2, where Δ1 ≡ mc2 − ε0(N) is
the exciting energy of single particle in the usual meaning, and
Δ2 ≡ (N − 1)[ε0(N − 1) − ε0(N)] is the energy that a QBH
should absorb to raise the energy level ε0 for the remaining
N − 1 identical particles when one particle is removed. Evi-
dently the appearance of Δ2 is due to that ε0 is dependent on N .
For clarity, we call Δ effective exciting energy of single parti-
cle. For m  mP , using Eq. (9), we find
(12)Δ1 =
[
1 − cos(θ/2)]mc2,
(13)Δ2 = tan θ sin(θ/2)mc2/2.
Here, we treat the parameter θ as a continuous variable.
It is straightforward to show that if the filling factor is small
(θ → 0) then Δ1 = Δ2/2 = Δ/3 = θ2mc2/8, which suggests
that a QBH with small filling factor is unstable at high temper-
atures. For example, Δ ≈ 10−4 eV for (m = 1 GeV/c2, θ =
10−6), and it follows that the QBH will “evaporate” at about
T ≈ 10 K. For a half-filled QBH, one obtains Δ1 ≈ 0.0341mc2,
Δ2 ≈ 0.0747mc2, and Δ ≈ 0.1088mc2.
The effective exciting energy of single particle in a full-
filled QBH is more interesting. Putting θ = π/2 into Eqs. (12)
and (13), we have Δ1 = [1 − cos(π/4)]mc2 and Δ2 = ∞. The
latter is unphysical since Δ should be finite although it may be
very large. This formal divergence is due to that here we incor-
rectly take the limit θ = π/2, where Eq. (13) is not valid. Using
Eq. (7), one can calculate Δ from its definition for a QBH near
full filling directly. We find
(14)Δ ≈ Δ2 = mP c
2
√
2
(
√
δN + 1 − √δN).
Here δN = Nmax − N  Nmax, and m  mP is assumed. For
δN = 0, we have
(15)Δ = mP c2/
√
2 = EP /
√
2.It gives surprisingly a universal result that the effective exciting
energy of single particle in a full-filled QBH is just 1/√2 of
the Planck energy. It follows that a full-filled QBH is stable at
temperatures far below the Planck temperature, TP .
Now we turn to the case N > 1/2α and try to answer the
natural question: what happens then? The fact that ε0 turns out
to be complex in the case N > Nmax suggests that Nmax is the
upper limit of N for a stable QBH, and a full-filled QBH will
become unstable when more particles are added. The lifetime of
an over-filled QBH can be estimated by the imaginary part of its
energy. The estimation is in a sense subtle as the naive analytic
continuation of N in Eq. (7) from N Nmax to N > Nmax will
lead to the physically unacceptable wave function, which blows
up with time. Remember that, in the case N < Nmax, besides the
eigenfunction with eigenvalue given by Eq. (7), there is another
eigenfunction, which is physically unacceptable thus discarded,
with eigenvalue given by [12]
(16)ε0(N) = mc2
[
1 + N
2α2
( 12 − [( 12 )2 − N2α2]1/2)2
]−1/2
.
One can find that two eigenfunctions become same at N =
Nmax, and analytic continuation of N in Eq. (16) from N =
Nmax to N > Nmax will lead to the physically acceptable wave
function, which decays with time. So we will use Eq. (16) to
obtain the imaginary part of energy of an over-filled QBH. For
N = Nmax + δN , we have
(17)ImE = −√δNmP c2/
√
2 = −√δNEP /
√
2.
Here δN  Nmax. It follows that an over-filled QBH has a
lifetime of Planck-time scale, and it will emit particles till N
reaches Nmax. Therefore the over-filled QBH is closely related
to the supercritical phenomena, the collapse of the vacuum. The
process of pair creation should be considered and quantum field
theory (QFT) should be applied to the system [6,9,10].
Since a QFT-based description of pair creation and vacuum
decay is out of the scope of present Letter, in the following we
turn to the investigation of QBHs at no zero temperatures and
suggest a statistical model of QBH. For simplicity, the iden-
tical particles in the QBH are treated as distinguishable thus
quantum Boltzmannian statistics will be used. We construct our
model on three assumptions. Firstly, a QBH composed of distin-
guishable identical particles can be regarded as a grand canon-
ical ensemble, which has only one single-particle energy level
−Δ with Nmax-fold degeneracy. Here Δ is given by Eq. (11)
and Nmax = (mP /m)2. Secondly, every degenerate state can be
occupied by no more than one particle. Thirdly, the QBH is
in thermal equilibrium with a heat bath of temperature T and
chemical potential μ = 0.
The relation of the average particle number in the QBH with
the temperature of heat bath should be obtained by statistics
of grand canonical ensembles but the dependence of single-
particle energy level on the number of identical particles in
the QBH makes the derivation difficult. In this Letter we ob-
tain the relation based on following physical considerations:
when the QBH is in thermal equilibrium with the heat bath the
single-particle energy level can be regarded as −Δ(N¯), where
224 D. Xu / Physics Letters B 641 (2006) 221–225N¯ denotes the average particle number. Thus the derivation is
simplified and we have
(18)N¯ = Nmax
1 + exp[−Δ(N¯)/kT ] .
Since Δ is dependent on N¯ , we rewrite Eq. (18) in an equivalent
form
(19)kT = Δ
/
ln
(
N¯
Nmax − N¯
)
.
Eqs. (18) and (19) suggest that N¯ = Nmax at T = 0 and
N¯ = Nmax/2 at T = ∞. It follows that a QBH is full-filled at
low temperatures and nearly half-filled at high temperatures.
Since Δ = EP /
√
2 for a full-filled QBH, we expect a QBH to
be full-filled at temperatures far below TP . As the QBH should
be nearly half-filled at temperatures much higher than TP , there
must be a transition temperature at which a full-filled QBH
turns to be half-filled.
Eqs. (18) and (19) also suggest that for N¯ < Nmax/2 the
temperatures are negative, which means a QBH with filling fac-
tor smaller than 1/2 is “hotter” and thermally unstable. The
appearance of negative temperature is not a surprise as our sta-
tistical model is mathematically equivalent to a two-level sys-
tem, where the onset of negative temperature is possible [16].
The equivalence can be recognized if a QBH is regarded as a
canonical ensemble composed of Nmax distinguishable identi-
cal particles, where N¯ particles bounded in the QBH with low
energy level ε− = −Δ and Nmax − N¯ particles excited to the
infinite with high energy level ε+ = 0. This equivalence also
reminds us of Wheeler’s “it from bit” picture and the picture
coming from quantum loop gravity for black hole entropy [17].
Using Eq. (10), one finds the minimum mass for a QBH at posi-
tive temperatures, Mmin = cos(π/12)m2P /2m. We note that the
black hole mass threshold was also investigated in [14] from
loop quantum gravity.
Now we consider two limiting cases, N¯/Nmax → 1 and
N¯/Nmax → 1/2. In the case N¯/Nmax → 1, Eq. (19) turns out
to be
(20)T = (
√
δN¯ + 1 −
√
δN¯)TP√
2 ln(Nmax/δN¯)
.
Here δN¯ ≡ Nmax − N¯ and δN¯  Nmax. For δN¯ = 1, we have
(21)TC = (
√
2 − 1)TP√
2 lnNmax
.
From Eq. (20) one can observe that T increases from 0 to TC as
δN¯ increases from 0 to 1. It suggests that a QBH is full-filled
at temperatures far below TC . Since the effective exciting en-
ergy of single particle will decrease when particles in the QBH
are excited, the process of “evaporation” will begin when the
temperature approaches TC . Thus TC can be regarded as the
transition temperature we spoke of before. For Nmax = 1038,
TC is about TP /300. We note that the high transition tempera-
ture or the unusual stability of a full-filled QBH makes it like
an atom of inert gas in a sense. For δN¯  1, Eq. (20) turns outto be
(22)δN¯
Nmax
= exp
(
− TP√
2T
)
.
Using Eq. (10), we get the mass of the QBH at temperatures
below TC ,
(23)M = m
2
P√
2m
[
1 + exp
(
− TP
2
√
2T
)]
.
It follows that the specific heat is positive, while vanishing,
at enough low temperatures. Therefore a full-filled QBH is a
system of positive specific heat, which can be in thermal equi-
librium with the environment at temperatures far below TC .
In the case N¯/Nmax → 1/2, Eq. (19) can be written as
(24)kT = 0.1088mc2 Nmax
4δN¯
.
Here δN¯ ≡ N¯ −Nmax/2 and δN¯  Nmax/2. The relation of the
mass of a nearly half-filled QBH with its temperature can be
obtained from Eqs. (10) and (24). We have
(25)M = M − Mmin ≈ 0.0242m
2
P c
2
kT
≈ 3
5
h¯c3
8πGkT
,
which gives a universal result. Comparing it with M = h¯c38πGkT ,
the well-known relation of the Schwarzschild black hole mass
with its temperature obtained from black hole thermodynamics
and QFT in curved space–time [18,19], one finds that the lat-
ter is partially recovered in the high-temperature limit of our
model. We note that the formula for the specific heat of QBH at
high temperatures is same as that of Schwarzschild black hole,
except for a constant coefficient.
In summary, the quantum collapse of a self-gravitating thin
shell is revisited and a simple statistical model of QBH is pro-
posed in this Letter. Instead of repeating main results, which
can be found in the abstract, here we have a brief discussion
on limitations of our model. Firstly, with interactions other than
gravitation turned off, it is a toy model far from being realis-
tic. Secondly, while choosing the time inside the shell as time
variable simplifies the analysis, the time problem of quantum
gravity [11] remains. Besides, only with one species of parti-
cles and one of the energy levels of single-particle bound states
considered, our model is tentative and should be improved by
studying quantum gravitational collapse of multi-shells [10,20].
Our statistical model of QBH is also preliminary as the identi-
cal particles in the QBH are assumed to be distinguishable.
Finally, we note that while it is interesting to revisit the
Hawking radiation of black holes [19] as well as the problem of
information loss [21], attention should also be paid to the cos-
mological implications of QBHs, for examples, their creation
in the very early universe, their roles in inflation, the possibility
of taking full-filled QBHs as dark matter candidates, and more
bravely, the relationship between the effective quantum repul-
sive forces to the particles falling into a full-filled QBH and the
mysterious dark energy that leads to the accelerated expansion
of present universe.
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